Evolution of mixing of granular solids in a slowly rotated 2D drum is considered as a discrete mapping. The rotation is around the axis of the upright drum which is filled partially, and the mixing occurs only at a free surface of a material. The most simple cases that demonstrate clearly the essence of such a type of mixing are studied analytically. We calculate the characteristic time of the mixing and the distribution of the mixed material over the drum.
By the term "avalanche mixing"
1 one calls the mixing of granular solids that proceeds only at a free surface layer. Mixing occurs in a slowly rotating upright drum (we shall consider only a two dimensional drum) which is filled partially (see fig. 1 ). Granules mix in avalanches falling from the upper half of a free surface to the lower half. In spite of the simplicity of the process, nature of the avalanche mixing is nontrivial and experimental mixing patterns look striking 1 . Nevertheless, nature of the avalanche mixing can be understood using purely geometrical approach [1] [2] [3] [4] [5] . Note that though mixing and segregation in rotated drums is studied intensively [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , the avalanche mixing is of special interest, because of clearness of the problem formulation.
If one assumes that the difference between the angles of repose and marginal stability is little (the case of the finite difference is studied thoroughly by B. A. Peratt and J. A. exists (apart from a center part of the drum, of course), and it is rather efficient. Indeed, the fractions will be finally mixed! We shall describe dynamics of such a mixing. Then there are two possible cases. In the first one, granules with the linear coordinate
x at the upper half of a free surface (we assume that at the free surface midpoint x = 0) fall to the point x ′ = x at the lower half, so in fact the surface wedge is not changed after avalanches (see Fig. 2,b) . a -the material mixes completely in the avalanches;
b -after the flow, the material appears to be inverted, and upper granules become lower onesthe x ′ = x transformation of the wedges (x is a linear coordinate at a free surface, counted from the midpoint of the free surface in both directions).
c -the material slips as a whole from the upper half of a free surface to the lower half, so lower granules stay to be lower ones after the slip. Using the condition of volume conservation one obtains easily the x ′ = sin 2 θ − x 2 transformation of the wedges. Here the angle θ characterizes the relative volume of an empty space in the drum.
In the second case, the material from the upper wedge slips to the lower one as a whole (Fig. 2,c) . The drum radius is unit, and the measures of the amount of the material are the angles θ ≤ π/2 for more then half filled drum and ϑ = π − θ ≤ π/2 for less then half filling (see Fig. 1 ). Thus, the coordinates of the lower and the upper points of a free surface will be sin θ or sin ϑ. Then, accounting for volume conservation, one describes the transformation of the coordinates as
Introducing the scaled coordinate z ≡ x/ sin θ or z ≡ x/ sin ϑ we get for the cases under
Let us describe by the number k events of appearing of some granule at the lower half of a free surface. The corresponding coordinate of the granule at the lower part of a free surface and time will be (x k , t k ). (The angle of the drum turn plays the role of the time.)
Transformation of this pair describes completely the mixing, since all the granules move as a whole in the bulk of the material. We shall study this discrete mapping.
We start with consideration of the z ′ = z transformation case for less then half filled drum. One can see from Fig. 1 that the coordinate is unchanged during the mapping and Thus, one obtains the following trivial discrete mapping 21 :
One may study the simplest case of an infinitely thin layer of the black fraction over the white fraction at the initial moment, that is (z 0 , t 0 ) = (z, 0). Then the black material will evolve in the following manner:
Thus, the black granules will be at the point z of a free surface at moments t k (z), k = 0, 1, 2 . . . (see Fig. 4 ). Formally speaking, there will be no true mixing of the material at any time, but near the fixed z the distance between black granule layers are diminished with time. When, in the vicinity of z, this distance becomes to be of the order of the granule diameter, the material is in fact mixed in this area. A very simple geometrical consideration gives for this distance:
If now d is the relative diameter of granules (recall that the drum radius equals 1) then one obtains the corresponding characteristic time
The expression is most simple in the following limit cases. If z tan ϑ ≪ 1,
If z tan ϑ ≫ 1,
Finally, the black fraction from the point z will be distributed homogeneously over the dotted line shown in Fig. 3 . If initially the black fraction occupies the sector of the γ → 0 angle at the lower half of a free surface, then the concentration of the black fraction in the mixture will be
so the mixing differs greatly for different z. As it can be seen from Eq. (6), when ϑ → π/2, t mix → ∞, and any mixing is practically absent (see Fig. 4 ). The case of a more then half filled drum θ ≡ π/2 − ϑ ≤ π/2 can be considered in the same manner. In the event z ′ = z one writes
(see Fig. 5 ) -cf Eq. (2). The material in the point z will be mixed to a "homogeneous" state with the black fraction consentration
in a time
Thus, if z tan θ ≫ 1,
and in the event of z tan θ ≪ 1
Note, that Eqs (10) and (12) 
Now we proceed with the case of a less then half filled drum and the
so if initially (z 0 , t 0 ) = (z, 0), then
where n = 0, 1, 2, . . .. Therefore,
(see Fig. 7 ). Now there is a point z = 1/ √ 2 in which the fractions will be never mixed, and mixing in fact occurs in the vicinity of z = 0 or z = 1. The region of poor mixing is broaden as the drum filling tends to the one half level. The averaged concentration of the black fraction is
(cf Eq. (7)).
In the same manner can be considered case of the z ′ = √ 1 − z 2 transformation for a more then half filled drum. One can obtain easily
(see Fig. 8 ). The averaged concentration of the black fraction will be
(cf Eq. (9)). Note that in the event of the z ′ = √ 1 − z 2 transformation, mixing is far poorer then for the z ′ = z transformation.
In conclusion, using discrete mapping approach, we considered analytically two limit regimes of avalanche mixing, when the mixing in the wedges is absolutely absent. Nevertheless, finally, the material appears to be rather effectively mixed. The experimental situation 
